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Can we have a stringy origin behind ΩΛ(t) ∝ Ωm(t)?
Tirthabir Biswas and Anupam Mazumdar
CHEP, McGill University, Montre´al, QC, H3A 2T8, Canada.
Inspired by the current observations that the ratio of the abundance of dark energy ΩΛ, and
the matter density, Ωm, is such that Ωm/ΩΛ ∼ 0.37, we provide a string inspired phenomenological
model where we explain this order one ratio, the smallness of the cosmological constant, and also the
recent cosmic acceleration. We observe that any effective theory motivated by a higher dimensional
physics provides radion/dilaton couplings to the standard model and the dark matter component
with different strengths. Provided radion/dilaton is a dynamical field we show that ΩΛ(t) tracks
Ωm(t) and dominates very recently.
The cosmological constant problem is one of the most
difficult problems of theoretical physics. What requires
an explanation is the fact that the observed energy con-
tent of the Universe, ∼ 4 × 10−47 (GeV)4, is many or-
ders of magnitude smaller than that of the theoretical
prediction for the cosmological constant energy density
alone. The mismatch is of order 10−120 × M4p , where
Mp ∼ 2.4 × 1018 GeV. One would naively expect that
even if the bare cosmological constant can be made to
vanish, the quantum corrections would eventually lead to
quadratic divergences ∼ M4p . This is known as why the
bare cosmological constant is so small and stable under
quantum corrections [1]. One can resort to supersymme-
try which makes it possible to keep the vacuum energy
density under control, but which, nevertheless, has to be
broken at weak scale. Therefore invoking supersymme-
try certainly ameliorates the problem by 1068 orders of
magnitude, but does not solve it at all.
There is also a kind of a coincidence problem, some-
times dubbed as a why now problem. Recent observa-
tions from supernovae [2] and from the cosmic microwave
background (CMB) anisotropy measurements [3] suggest
that the majority of the energy density ∼ 70% is in the
form of dark energy, whose constituent is largely un-
known, but usually believed to be the cosmological con-
stant with an equation of state ω = −1, which is also
responsible for the current acceleration. In this respect
not only the cosmological constant is small, but it also
happens to be dominating the energy density of the Uni-
verse. In principle the physics behind the value of the
cosmological constant and its “evolution” need not be
related to the redshifting of matter/radiation density. Is
it then just by coincidence that today ρΛ is close to the
value ρm or are there deeper connections between the
two? A related question would be why the cosmological
constant is dominating right now and for example not
during the big bang nucleosynthesis (BBN) at a temper-
ature T ∼ 1 MeV?
Both the smallness and the why now questions can be
answered in part if we believe that the physics of the dark
energy is somehow related to the rest of the energy den-
sity of our Universe. In some sense the dark energy needs
to track the infrared part of gravity which is responsible
for the expansion of the Universe. Attempts have been
made to construct such tracking mechanisms in single
and multi fields, such as dynamical quintessence [4], k-
essence [5] type models, non-Abelian vacuum structure
with non-vanishing winding modes [6], modified Fried-
mann equation at late time [7], or large distances [8],
rolling dilaton with dilatonic dark matter [9], or due to
inflationary backreaction [10]. Only in the latter refer-
ence it was argued that ΩΛeff (t) ∼ O(1) throughout the
evolution.
In this paper we propose a simple model which arises
naturally from the compactification of a higher dimen-
sional theory. In string theory compactification it is
known that the dilaton and various moduli fields like ra-
dion, shape moduli couple to the Standard Model (SM)
degrees of freedom. For simplicity we may assume that
all but a single combination, Q, of various moduli has
been stabilized at higher scales, see for instance [11]. In
an effective four dimensional theory Q field couples to
the SM degrees of freedom and also to the dark mat-
ter. We assume that at least the SM and some rele-
vant (beyond SM) degrees of freedom have already been
thermally/non-thermally excited in the early Universe,
e.g. see Ref. [12]. In general the potential for Q has a
run away behavior, see [13], nevertheless we will show
that, by virtue of its coupling to the matter field “the ef-
fective potential” for Q can have a local minimum which
always tracks the matter density of the Universe. Further
observe that the Q field in general will have different cou-
plings to fermions, scalars and gauge bosons by virtue of
its running below the string compactification scale [14].
Let us imagine that our world were originally higher di-
mensional, such that the three spatial dimensions, along
with the origin of the SM are all due to some interesting
compactification of the extra spatial dimensions. In the
Einstein frame the most generic action will take a form
S = Sgrav + Sfermions + Sgauge bosons + Sscalars. where
Sgrav =M
2
p
∫
d4x
√−g [R/2− (∂Q)2/2− V (Q)] , (1)
Sfermions =
∫
d4x
√−gψ¯f
(∇/ + imfe2µfQ)ψf , (2)
where the coupling exponent µf are different for different
species, see Ref. [14]. Similarly the most generic coupling
of Q to the gauge bosons can be written as
Sgauge bosons = (1/4piα0)
∫
d4x
√−ge2µrQF 2 . (3)
From (3) we can read the fine structure constant to be
∼ α0e−2µrQ. Finally we discuss the fundamental scalar
coupling:
Sscalars =
∫
d4x
√−g (−(∂φs)2/2−m2se4µsQφ2s) . (4)
The radiation content of the Universe is determined by
the SM relativistic degrees of freedom, while the cold
dark matter component is arising from either scalars,
fermions or gauge bosons beyond the SM gauge group,
and the dark energy density is identified by,
ρ˜d = Q˙
2/2 + Veff(Q) , (5)
where the effective dark energy potential is given by,
Veff(Q) = V (Q) +
∑
i=s,f,r
e2µiQρi , (6)
with an individual component of matter and radiation
density determined by ρi. Given all the components we
can write down the Friedmann equation for a Robertson
Walker metric,
H2 = (1/3M2p )ρ˜t = (1/3M
2
p )
∑
I=s,f,r,d
ρ˜I ,
= (1/3)
(∑
i
e2µiQρi + Q˙
2/2 + V (Q)
)
. (7)
The evolution equations for Q, ρi read as,
Q¨+ 3HQ˙ = −(V ′(Q) + 2
∑
i
µie
2µiQρi) , (8)
ρ˙i + 3H(pi + ρi) = 0 . (9)
for an equation of state, pi = ωiρi. Note that al-
though ρ˜i is the energy density we measure, it is the
bare energy density, ρi, which obeys the usual equa-
tions of state. This can be seen for example in the
case of a non-relativistic dust. The density is given by
e2µiQmiN/V ≡ e2µiQρi, where N is the total number of
particles, a constant, and V is the volume of the universe,
which redshifts as a−3 leading to ρi ∼ a−3. From Eq. (9)
we obtain the standard result ρi = ρ0i (a/a0)
−3(1+ωi).
Let us now assume a generic potential for the field Q.
Keeping in mind that Q could either be a dilaton/radion
or some linear combination of various moduli, such as a
volume and/or shape moduli, the potential can be writ-
ten as
V (Q) = V0e
−2βQ , (10)
where we assume V0 is the scale of new physics, which
could be determined by the string or the Planck scale.
Such a run away potential for Q may arise very naturally
for the radion/dilaton field from the fluxes, or the p-
brane contribution, or from the internal curvature of the
compactified manifolds.
Let us also assume that there are two dominating com-
ponents in the Universe, the dark energy determined by
Q and the matter component. Further note, if µ’s and β
have the same sign (we will furnish examples later where
this can happen) then the effective potential for the Q
field, see Eqs. (6,10), provides a dynamical stabilizing
mechanism, because the two overall exponents differ in
signs. In this case the motion of Q field will always track
the minimum of the potential Eq. (6), and therefore if
the evolution of the Universe is adiabatic, the motion of
Q will be as well, provided β ≥ O(1).
Let us describe the evolution of Q field in an adiabatic
approximation, where we neglect the higher time deriva-
tives of Q, e.g. Q¨≪ 3HQ˙. This assures that the Q field
always stays at the minimum of the “effective potential”
for which the evolution of Q can be obtained in terms ρ.
V ′eff(Q) = 0 implies
e2Q = (βV0/µiρi)
1/(µi+β) . (11)
After some algebra we can evaluate the fraction of the
radiation/matter density with respect to the critical den-
sity of the Universe
Ωi = ρ˜i/ρ˜t = β/(µi + β) , (12)
where i corresponds to either radiation or dark matter
depending on the epochs we are interested in. Within an
adiabatic approximation we can also estimate the Hubble
expansion rate,
H2 = V0 (1 + β/µi) (βV0/µi)
−β/(µi+β) ρβ/(µi+β) ,(13)
H ∼ a−(3/2)(1+ωi)β/(µi+β) . (14)
The above equations can be solved to give
a(t) = a0 (t/t0)
(2/3β)[(µi+β)/(1+ωi)] . (15)
Note that the scale factor depends on the ratio, µi/β, and
if µi/β < 1 then we follow a natural course of radiation
or matter dominated epochs.
If we are in a matter dominated epoch, such that ωc =
0, where c stands for the cold dark matter component,
then we obtain an interesting relationship in order to
have an accelerated expansion
µc/β > 1/2 . (16)
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Now if we take the matter component, Ωc ∼ 0.27, we
obtain from Eq. (12), µc/β ∼ 2.7, indicating an accel-
erated expansion. In other words µc/β ∼ 2.7 explains
the value of ρ˜d ∼ 2.7ρ˜c ∼ 10−120M4p , or, Ωc/Ωd ∼ 0.37.
Further note that the equation of state for the dark en-
ergy comes out to be, ωQ ∼ −1, supports the current
observation, [2], by virtue of Q˙2/2≪ V (Q).
Similar calculation can be repeated during the radia-
tion epoch, (ωr = 1/3), by assuming that the dominant
component of the energy density is in the form of radia-
tion and the coupling of the Q field to radiation is deter-
mined by the exponent µr (for simplicity we can assume
that for all the relativistic degrees of freedom, µi = µr,
though this is not necessary), then we obtain
µr/β > 1 , (17)
in order to have an accelerated expansion. However dur-
ing BBN the Hubble parameter is well constrained. One
could allow the dark energy component, Ωd < 0.13 [15],
while Ωr > 0.87, which provides the ratio µr/β ∼ 0.14.
Indeed the ratio turns out to be smaller than one, indi-
cating a decelerating expansion. However as we shall see
below the value of µr has to be even smaller.
From the above analysis it may appear that the mo-
ment we enter the matter dominated era, the Universe
starts to accelerate, but this is not correct. First of all
our Eqs. (12,15) should be only viewed as asymptotic
expressions when the two component approximation is
valid. However during the transition from radiation to
cold dark matter, the evolution in general will be com-
plicated. For example, let us assume, µc ≫ µr, note
that in our case ρ˜b, ρ˜c redshift differently, indicating that
baryons, ρ˜b were dominating over the CDM not so long
ago. In fact we can compute approximately when the
CDM began to dominate over the baryons, which will
also roughly correspond to the beginning of an acceler-
ated expansion,
1 + zaccel = (Ωc0/Ωb0)
[(µc+β)/3µc] . (18)
Taking µc/β ∼ 2.7, as obtained above, we find zaccel ≈
1.8. Further note that the above interesting result is
determined solely by the ratios of Ωd0/Ωc0 and Ωb0/Ωc0.
However in this setup we end up with more baryons
than CDM at early epochs, say during the CMB for-
mation. In order to address this issue, we will have to
assume here two competing dark matter candidates, one
with ρ˜w, with a different coupling to Q, say µw and the
other ρ˜c with µc. For the purpose of illustration we may
as well assume; µw = µr ≪ µc, and at present ρ˜w ∼ ρ˜c.
However note that for µw = µr, ρ˜w redshifts according
to the baryons, therefore maintaining a constant ratio
throughout the evolution. On the other hand, ρ˜c, by
virtue of its coupling to Q, becomes ρ˜c ≪ ρ˜w, at early
times. In this scenario we can achieve two things; first
maintain an almost constant baryon to CDM ratio since
BBN, and second we obtain the very late acceleration,
e.g. zaccel ∼ O(1). Using Ωm ∼ 0.27, and the present
baryonic abundance to be Ωb ∼ 0.014, we find that in
our case ρ˜c ≥ ρ˜w + ρ˜b, at zaccel ∼ 0.5. This is the
time when the dark energy starts dominating, and also
the accelerating phase begins. The baryon abundance
at early times, say during CMB is given by Ωb ∼ 0.044,
while the ratio of baryonic and CDM abundance nearly
remains, Ωb/Ωm ∼ 0.2, until very recently when it de-
creases slightly as ρ˜c ≥∼ ρw.
By taking slightly smaller baryonic abundance today,
Ωb ∼ 0.01, we obtain zaccel ∼ 1. These numbers are
encouraging because they are fairly close to the best fit
within the present uncertainties [3].
What is crucial for our mechanism to work is the fact
that the coupling exponents, µ’s, have to have signs op-
posite to that of β. Note that one can always redefine Q
so that individual signs do not matter.
Let us now consider two examples of the mechanism
where we identify Q with the internal volume of the ex-
tra dimensional manifold, with β positive in one case and
negative in the other. In the first example, let us assume
Eq.(10) arising from the string gas [16], where the strings
are winding one compactified extra dimension which has
a simple topology of a circle. We assume that the dilaton
and the rest of the modulii of the additional extra five
dimensions are assumed to have been stabilized at the
string scale via some mechanism. In this case the string
winding modes of a gas of strings would exert an effective
negative pressure, which would result in an effective ex-
ponential potential for Q, where β < 0 [17]. On the other
hand we may assume that all the fermions, gauge bosons
and the scalars are living in the entire bulk. Upon di-
mensional reduction this would lead to negative coupling
exponents in Eqs. (2,3,4), for example see Ref. [18]. In
this respect we also assume that the cold dark matter
candidate resides in the bulk, it could be some stable
bulk fermions for instance.
The second example consists of an usual M-
theory/Supergravity type reduction where the potential
for Q is either coming from internal curvature terms or
fluxes (see for example [11, 19]), where β comes with a
positive sign. Now consider the gauge fields to originate
from the off-diagonal components of the metric as in the
usual Kaluza-Klein scenario; then the radiation coupling
comes with always µr > 0, with an overall positive expo-
nent, see [20]. In this respect one could as well imagine
the cold dark matter component originates from the mas-
sive gauge bosons of the hidden degrees of freedom. Such
candidates could arise in the mirror Universe, see [21].
Let us now focus on some of the important obser-
vational constraints. Due to the low scales involved,
although the background Q field is stabilized, the Q
quanta are virtually massless (mQ ∼ 10−33 ev), and
hence can mediate a fifth force violating equivalence prin-
ciple. Tests on violation of equivalence principle essen-
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tially constraints µ < 10−4 [23], for ordinary matter and
radiation. Note that the bounds really constrain µ’s for
baryonic matter. Couplings for gauge bosons, leptons
and neutrinos only follow if one assumes the universal
coupling as in the case of Brans-Dicke theory.
In our case we require µc > β/2 > µr and β ≥ O(1),
therefore even if µr ∼ 10−4, the above relationship can
be satisfied. The running of the coupling constants due
to stringy loop corrections may naturally lead to small
values for µ’s [14]. On the other hand, recently it has
been also realized that even if µr’s are significantly larger
(∼ 0.1), it might avoid any detection in the fifth force ex-
periments due to “chameleon” type mechanisms, see [24].
It is evident that in our model the physical constants
like fine structure constant or the gravitational constant
(or equivalently the masses) varies with time through its
Q-dependence. Using straight forward algebra we obtain
the ratio of the fine structure constants,
αbbn/α0 = e
−2µr(Qbbn−Q0) = (µrρ˜bbn/µcρ˜0)
µr/β , (19)
where the subscript 0 corresponds to the present time.
The variation of α is constrained to be within a few per-
cent since BBN, −0.06 < ∆α/α < 0.02 at 95 % CL [25],
we obtain µr/β ∼ 10−3. Note that the CDM coupling
to Q is unconstrained from the above mentioned experi-
ments.
Similarly the analysis for variation of GN is almost
identical to α, except that one has to replace µr with µ’s
corresponding to the fermions, see [23]. Note that the
success of our model relies on, µr ≪ µc.
To summarize, we associate the dark energy compo-
nent of the Universe by the dynamics of a stringy com-
ponent which could be a linear combination of radion,
dilaton or shape moduli. We point out that if such a
field couples to the SM relativistic particles differently
than that of the cold dark matter, then it is possible to
explain the recent acceleration during the matter dom-
inated era, close to zaccel ∼ O(1). We also show that
the ratio of the baryons and the CDM abundance can
be maintained within the close proximity of the current
observations.
Nevertheless, many interesting questions remain, such
as the fluctuations of Q during its slow roll evolution, the
two types of CDM and their role in galaxy formation. It
is also important to go beyond the two component ap-
proximation in the evolution and include all the matter
components. These questions we leave for future investi-
gation.
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